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We describe several families of non-unitary coset conformai field théories that possess truly 
marginal couplings. Thèse generalize the known examples of Wess-Zumino-Witten models on 
supergroups such as PSu(n|n) or OSP(2n + 2|2n). Our extension includes coset space sigma models, 
affine Toda théories or Gross-Neveu models which are believed to arise in certain limits. 
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PACS numbers: 11.25. HF; ll.25.-w; 11.25. Sq. 
1. INTRODUCTION 

Non-unitary 2-dimensional (2d) field théories provide 
a rich and important class of models. They describe sur- 
face statistical mechanics Systems and they underly the 
construction of exact string backgrounds. It is very dif- 
ficult to obtain any systematic statements about thèse 
théories since many of the established methods heavily 
rely on unitarity. Hence very little is known e.g. about 
the classification of renormalization group fixed points. 

Within the class of non-unitary 2d field théories, there 
is a spécial subset of models that possess some (hidden) 
internai supersymmetry, i.e. models that admit the ac- 
tion of some (deformed) superalgebra in field space. In- 
tuition suggests that supersymmetry makes thèse models 
more accessible. On the other hand, such supersymmet- 
ric 2d field théories still possess highly relevant applica- 
tions e.g. to the study of disordered Systems [H or strings 
in Anti-deSitter backgrounds [2j. 

The models we are about to study can be considered 
as a vast extension of the Zn parafermions discovered 
by Fateev and Zamolodchikov in [3]. Thèse provide a 
family of 2d conformai field théories with central charges 
c = 2 — 6/(fc + 2) whose first members are the well known 
Ising (k = 2) and three-states Potts model (k = 3). A few 
years later, Fateev argued that Zn parafermions possess 
an integrable perturbation by a relevant field of dimen- 
sion h = (k — l)/fc[4(. This perturbation was studicd 
further in [5| and the limit k — > oo was identified with 
the the o(3) sigma model [6|,LZ|- %n parafermions were 
subsequently shown to arise as spécial cases of the so- 
called GKO coset construction of Goddard, Kent and 
Olive [1, In fact, Zjy parafermions émerge from the 
GKO coset model su(2)/u(l). Many of the features that 
were initially found for Zn parafermions could be ex- 
tended to more gênerai cosets. The potential relation 
between perturbed GKO cosets and conventional coset 
sigma models has also been investigated [ï(| 03 • 

Here we propose to consider several families of super- 
space GKO coset models along with their perturbations. 
The simplest représentatives are the cosets of the form 
PSu(2|2)/su(l|2). Thèse provide a family of non-unitary 
conformai field théories with central charge c = — 2 which 
is independent of the level. In contrast to their bosonic 
relatives, the PSu(2|2)/su(l|2) cosets turn out to possess 
a perturbation of dimension h = 1. We shall show that 



the corresponding /3-function vanishes at two loops. 

This resuit can be generalized to other GKO coset 
models involving supergroups as follows. Introduce a Lie 
supergroup G along with a subgroup H. We shall dénote 
the corresponding Lie superalgebras by g and h, respec- 
tively. The linear space m = g/f) carries a représentation 
of h. We assume that both g and t) are semisimple. De- 
composing f) = ®^ =1 f)i, into simple superalgebras and 
m = ©* =1 m<, into f)-irreducible summands we are able 
to formulate the main claim. 

Proposition: Suppose the quadratic Casimir éléments 
C,?, 2 ' of ' \) v on the représentation spaces wiu vanish, i.e. 



C^(m a )=0 



(1) 



for ail v = 1, . . . ,p and a = 1, . . . , q. Then the GKO 
coset model g/h possesses truly marginal déformations 
for ail values of the level. 

It is easy tocheckthat the GKO coset psu(2|2)/su(1|2) 
satisfies the condition formulatcd in our main claim. In 
this case, psu(2|2)/su(l|2) is a direct sum of the fun- 
damental représentation of su(l|2) and its dual. Both 
have vanishing Casimirs. Our resuit generalizes previous 
findings [Ï2[ for Wess-Zumino-Witten (WZW) models on 
supergroups with vanishing dual Coxeter number. 

In sec. [2] we describe four families of coset models sat- 
isfying the conditions of our main claim, see cases ([S] ES) • 
We construct explicitly the marginal operators. The cor- 
responding /3-functions are studied in sec. [3] where they 
are shown to vanish at two loops. Sec. |4]concludes with 
an overview of applications. In particular, we discuss 
exactly marginal déformations Connecting various GKO 
cosets. Large level limits shed new light on strong-weak 
coupling dualities between conformai sigma models and 
Toda-models for algebras osp(2n + 2|2n) and psu(n|n). 



2. COSETS AND PERTURBATIONS 

We shall dénote the WZW model on a supergroup G 
by G. The GKO construction identifies the commutant 
of the current algebra of H within the field space of G 
with the chiral algebra of a conformai field theory (CFT) 
known as the g/h GKO coset or, simply, g/h. Given 



2 



some choice for the level(s) of G, the levels fc„ of the sim- 
ple factors Hj, in the denominator are determined through 
the so-called embedding index of H into G, see [Î3j |. 

Let us show that the g/h model contains fields of 
weight (h, h) = (ljl)- Thèse marginal fields are of the 
type (0,ttv) in standard GKO coset notations. In or- 
der to construct them we introduce a basis {j a }a™ fl °f 
which respects the grading of g and the décomposition 



(2) 



of q into irreducible représentations of f). This means 
that every basis vector j a is either bosonic or fermionic, 
that is has degree \a\ — or \a\ — 1 respectively, and 
belongs to some summand in eq. ([2]). For clarity, we 
shah sometimes attach superscripts G, H and g/h to the 
fields of the G, h and g/h models. 

The marginal fields (0,Tn CT ) are obtained by decompos- 
ing the chiral currents J„ indexed by j a G m CT into a 
product of fields of the H model and of the g/h model, 



J?(Z) = ^(Z) ® <f>*(z) , j a G 



(3) 



Since the operator product expansion (OPE) between 
currents { Jk(w)}j k ^ and {Jo(z)}j a £m„ only contains 
simple pôles, the same holds for the fields <f) a on the 
right hand side. Equivalently, the fields {0a}j o gm„ are 
primary fields of H within a single affine conformai block. 
The parafermion fields {ip a }a = i are primaries of the g/h 
model. Equating the conformai weights on both sides of 
the décomposition formula ([3]) we conclude that the fields 
if} a are indeed marginal 



h{0,m a ) = 1-V 

* — * l 



i 



(4) 



where is the dual Coxeter number of fj„. In the sec- 
ond step we have inserted the key assumption ([T]) of our 
proposition. We can now deform the g/h model by in- 
troducing a marginal perturbation 

0(z,z) = £ X'O a (zz) = . ( 5 ) 

* G * (7 

with couplings A CT . The fields ^> s {z) are constructed simi- 
larly from the anti-chiral currents J a (z), but for j a S m* . 

Examples: Suppose that H is the fixed point set of some 
involution of G, that is the pair (g,h) corresponds to a 
symmetric superspace. Then there are four families of 
coset models that satisfy the conditions in[TJ see also [Ï4j . 
The central charge is either c — 1 or c = —2 depending 
on wether G is of OSP or respectively PSU type. 
1. Coset théories of real super- Grassmannian type 



OSP(2n + 2m + 2\2n + 2m) k 
OSP(2n + l|2n) fe x OSp(2to + l\2m) k 

In this case, m is a bifundamental représentation 



(G) 



where [ôJan dénotes the osp(?7j|2n) fundamental rep- 
résentation with Casimir m — 2n — 1. Since m 
is irreducible, there is one marginal parafermion tp. 
Thèse are superspace generalizations of the Grassmanian 
parafermions (El. [ÏÔI. [Ïl1| . 

2. Coset théories of complex super-Grassmannian type 



psu(n + m\n + m) k 



(7) 



Su(n - l\n) k x su(m + l\m) k 
For such coset models, m is only real irreducible 

m= sr 1 xi: +i © ir i x§:+ i 

where [u]" dénotes the fundamental représentation of 
su(m|n) = su(n|m) and its dual carries an additional 
bar. In both représentations, the Casimir assumes the 
value m — n — l/(m — n). There are two marginal 
parafermions ip+ and ip- related by the conjugation sym- 
metry ip+ = ip_ inherited from the WZW models. The 
perturbation ([5|) respects this symmetry, provided we im- 
pose = À_ on the complex couplings \±. This family 
is a superspace generalization of the usual su(2)/u(l) 
parafermions. The potcntial relationship between the 
k — >• oo limit of this type of perturbed coset CFTs and 
the complex Grassmaniann c-models with #-term was 
suggested in [5|. 

3. Our third séries consists of coset models of the form 



PSU(2n|2n)j 
OSP(2n|2n' 



(8) 



2/v 



The représentation m is irreducible for n > 1 



m 



and is obtained from the osp(2n|2n) traceless symmetric 
tensors of rank 2 by factoring out a 1-dimensional sub- 
module. The reducible but indécomposable traceless ten- 
sor of rank 2 has a vanishing Casimir eigenvalue, because 
its restriction to the 1-dimensional submodule vanishes. 
For n = 1 we get the particular case of the séries ([7]) with 
m = n = 1 since OSP(2|2) 2fc ~ su(2|l) fe . 

4. Diagonal cosets with G = H x H and H simple, i.e. 



Hfc x H; 
Hfc+Z 



(9) 



m 



]2m+l 
2m 



X O 



2n+l 
2n 



Since m ~ f) in this case, assumption [T] requires 
the adjoint représentation of () to have a vanishing 
Casimir. This condition constrains the supergroup H to 
be PSU(n|n), OSP(2n + 2|2n) or d(2, 1; a). 

For the cosets (J6H9]) one can check that the operator al- 
gebra of the parafermions ip a cannot generate other non- 
trivial fields of dimension h < 1 , provided the level of G is 
large enough. This makes the perturbation ([5]) renormal- 
izable. Notice that f)-invariant level one descendents of 
G primaries with vanishing conformai weight also lead to 
marginal fields in the G /h theory. Of particular interest 
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are the q fields Xa = (fl, 0) CT in the cosets ([6]-[8|) and the 
fields xi = (f) X 0,0), \2 = (0 x fj,0) for the cosets ©. 
Thèse "dual" fields are local with respect to tp a and gen- 
erate conserved currents [Î5| in the g/h model perturbed 
by (J5]). Local conserved currents of the type (0,0) and 
of higher spin can also be constructed [Ï6[ ■ Thèse struc- 
tures should be crucial to argue that the perturbation ([5]) 
is integrable. As in the case of the fields one may show 
that the operator algebra of the fields {xa}a=i °f (EHSJ) 
and of the fields xi or % 2 of © docs not generate other 
non-trivial fields of dimension h < 1. This suggests con- 
sidering the dual perturbation built out of %'s instead of 
V>'s on the same footing with ([5]). Wc diffcr the analysis 
of such dual perturbations to our forthcoming work. 

3. VANISHING OF BETA FUNCTION 

The 1-loop /3-function fiW of the CFTs (SU) per- 
turbed by the operator §5$ is given by the coefficient C pa T 
that multiplies the operator O t in the operator product 
expansion (OPE) of the product O p O a , 

/3 T = (1 - h(0, m r ))A r - l -C pa T + ... , (10) 

see e.g. [Ï3|- The first term is zéro due to eq. fëfy. 

To see that the second term vanishes as well, we adopt 
the BRST construction of the coset theory in which the 
coset fields are represented as cohomology classes in the 
direct product G x H of WZW models [18j . In the product 
theory, our marginal parafermions become 

lM*) = £i.« >„J2{z) ® fâ{z)g ab . (11) 

Here we used an invariant non-degenerate form ( , ) of g 
to dcfinc g ab as the inverse of the matrix g a i, — (j a ,jb)- 
The OPE of the fields ip a involves the structure constants 
f£ b of q defined as usual \j a ,jb] = fat je- For symmetric 
spaces [m, m] C f). Hence, f% b vanish if j a ,jb,jc G tn. 
This proves that fiW = 0. 

The structure of the 4-point function détermines 
whether scale invariance is broken at 2-loops. Accord- 
ing to Cardy [îj|, the 2-loop /3-function /3^ 2 ' vanishes if 
fi^ = and only the conformai block of the identity 
contributes to the 4-point function (0 K O p O a O T ). We 
claim that the 4-point functions in the coset models ([S]- 
IHJ satisfy such a criterion. In the case of unitary CFTs, 
Cardy's condition implies that Vv are abelian currents 
and exact marginality follows at ail loops. This conclu- 
sion does not extend to our non-unitary models. Never- 
theless, we demonstrate that /3' 2 ' = by analyzing the 
4-point functions of the perturbing fields. 

For simplicity, we restrict our analysis to the super- 
sphere coset models ([6]) . In order to evaluate the 4-point 
function of the the perturbing ficld (fTTj) we note that 

(Ja\Jb(l)Jc(z)\J d ) G = gabgcdZ- 2 + (~l) wlcl gacg b d+ (12) 

gadgbc(l - Z)- 2 + fa^fmcdZ- 1 + / bc "7amd(l ~ z)' 1 , 



where we have absorbed the levels into g a b and denoted 
fabc = ([ja,jb]Jc)- The 4-point function of the primary 
fields </> H dépends on the cross-ratio z through 

{(f> a \(t>b(l)(f>c(z)\4 i d) ïï = g a bg C dFi(z)+ 

{-l) m g ac gbdF 2 (z) + g ad g bc F 3 (z) . (13) 

Thèse terms correspond to the three invariants in the ten- 
sor product m® 4 . One may détermine the (logarithmic) 
conformai blocks Fi(z) with the help of the Knizhnik- 
Zamolodchikov (KZ) équation [l3j. It implies that 

F^z) + F 2 (z) + F 3 (z) = 1 . (14) 

Contraction of our eqs. (fi"2"T) and (fT3|) along with eq. (p} 
éliminâtes the terms involving /, i.e. the last two terms 
in eq. (TT2l . Then using (fT4")l we obtain 

(0\0{l,l)0(z,z)\0) = \1 + z' 2 + (1 - z)- 2 \ 2 . 

The answer coincides with the 4-point function of the 
field JJ, where J is an abelian u(l) current. Therefore, 
by Cardy's criterion (3^ = 0. 

The calculation of (0 K O p O a O T ) for the other 
cosets ([SUS]) uses a key fact that follows from eq. (fî}: 
There is a unique ^-invariant form p on the space of in- 
variants in m® 4 . Let Fj(z) and F,p(z) dénote the value 
of p on the 4-point function of currents and primaries, 
respectively. With appropriate normalizations we find 

(^ p (l)MzMr) ^ F J (z)F (t> (z) . 

Application of the KZ équation yields F$(z) = 1. Fur- 
thermore, the last two terms in eq. (|12p can be shown 
to belong to the kernel of p. Hence, in calculating the 
4-point function, we may treat ?/v as an abelian current. 
A detailed proof will be presented in the follow-up paper. 

4. APPLICATIONS AND OUTLOOK 

The classification <(6] [9]) of GKO cosets with exactly 
marginal couplings has actually appeared first in a seem- 
ingly différent context, namely in the analysis of 0- 
functions for sigma models on symmetric sup ersp aces [14| 
that extends and corrects earlier claims in 1201 . This is 
no accident. It has long been suspected [5l.lll| that per- 
turbed g/h GKO coset models tend to the associated 
sigma model on the symmetric space g/h in the lirait 
of large levels. Our findings are in perfect agreement 
with such a correspondence. In fact, we have shown 
that the 2-loop /3-function of the perturbed g/h GKO 
cosets vanishes if and only if the sigma model on the 
symmetric superspace g/h is conformai. For the sigma 
models, the vanishing of the /3-function was established 
non-perturbatively. This suggests that the same should 
hold for our perturbed GKO coset models, a fact we shall 
prove directly in our forthcoming paper. 

Diagonal cosets H^ x Hi/Hk+i provide the most impor- 
tant family of GKO coset models. In fact, thèse théories 
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possess many relations with other interesting 2d Systems. 
If we set l = 1 and let k — » oo we obtain affine Toda 
théories for the Lie (super- )algebra f). Setting l = 2 in- 
stead leads to models with world-sheet supersymmetry. 
Increasing l further gives affine Toda théories coupled to 
parafermions [lH Hy. We can also consider a limit in 
which both fc, l — > oo while keeping k — l fixed. Thereby 
we obtain the principal chiral model on the (super-)group 
H with a WZ term at level k — l. The latter was shown 
to be conformai in [22|, [H| . For a review of various level 
limits in diagonal cosets see [24j . 

The relations outlined in the last two paragraphs show 
that ail previously known examples of superspace models 
with marginal déformations can be recovered from our 
results by taking appropriate limits. Our fmdings extend 
earlier studies and provide a unifying view that suggests 
interesting new connections between known models. 

There is much room for dualities between the per- 
turbed GKO cosets ((MSI), i-e. it might be possible that 
some of our coset models can be deformed into each 
other by the exactly marginal perturbations we have de- 
scribed. Such déformations should be considered as su- 
perspace counterparts of the known massless renormal- 
ization group flows between bosonic GKO cosets. Most 
famous [25| are the level reducing flows of diagonal cosets 

H fe X H/ UV scalo IR H/£ _; X H, 

> 

Hfc+Ï "0 perturbation xi Hfc 

for k > l. It seems likely that thèse are replaced 
by continuous déformations of CFTs for the diagonal 
cosets ((9|) . Flows between non-diagonal cosets have been 
investigated e.g. by Fendley [TTj] . Following this work, 
we conjecture that our marginal déformations relate the 



coset models 

OSP(2n + 2\2n) k OSP(2n + 2|2n) fc _ 1 x OSP(2n + 2|2n)j 
OSP(2n + l|2n) fc ° OSP(2n + 2|2ra) fc 

PSU(2n|2n) fc PSu(2n|2n) fc _ 1 x PSu(2n|2n) 1 
OSP(2n|2n) 2fc PSu(2n|2n) fc 

In the limit k — > oo, the perturbed coset models on 
the right hand side tend to the OSP(2n + 2|2n) and 
PSu(2n|2n) Gross-Neveu models, respectively. Both 
théories are known to be conformai. In the same 
limit, the first model on the left hand side ap- 
proaches the conformai sigma model on the supersphere 
OSP(2n + 2|2n)/oSP(2n + l|2n), that is a superspace 
with bosonic base the sphère S 2n+1 . The duality between 
the supersphere sigma model and the OSP(2n + 2|2n) 
Gross-Neveu model was analyzed in much détail be- 
fore [26I4281 I . In the second relation, the left hand 
side tends to the sigma model on the coset space 
PSu(2iV|27V)/oSP(2iV|2A0 which we conjecture to be 
dual to the psv(2N\2N) Gross-Neveu model. For the 
spécial case psu(2|2)/osp(2|2) ~ CP 1|2 ; the duality with 
the PSU(2|2) Gross-Neveu model was also conjectured be- 
fore [2f| but no direct évidence was found in [3(J. Given 
our new fmdings, it seems worthwhile revisiting the issue. 
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